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Chapter 1

Introduction

Partial differential equations (PDEs) form the mathematical foundation for describ-
ing complex physical systems across numerous scientific and engineering domains.
From fluid dynamics [1] and heat transfer [2] to nuclear fusion [3] and climate
modelling [4], these equations capture the underlying physics that govern natural
phenomena. Scientific computing and simulation have become indispensable tools
for solving these equations, enabling researchers to explore complex systems under
various conditions without the constraints of physical experimentation. However,
computational solutions to PDEs, particularly for complex geometries and mul-
tiphysics applications, present significant challenges and a consequential carbon
footprint [3]. These challenges are especially prominent in grand research areas like
fusion energy, where multiple physics phenomena interact across different scales in

intricate ways.

1.0.1 Traditional Numerical Methods and their Limitations

Traditional numerical methods such as finite difference [6], finite volume]7]], finite
element[8]], and spectral methods [9]], while mathematically rigorous, often require
supercomputing resources and can take hours, days, or even weeks to deliver solu-
tions [10], severely limiting their utility for iterative design exploration and real-time
applications.

Consider modelling magnetohydrodynamics (MHD) in fusion reactors: classical
methods for multi-physics and multi-scale simulation are only accurate when flow

features are smooth, requiring meshes to resolve the smallest features. For complex
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systems like fusion reactors or climate models, this makes direct numerical simulation
computationally prohibitive. The traditional approach involves using simplified
versions of the governing equations to allow coarser meshes, sacrificing accuracy
for feasibility. This resolution-efficiency tradeoff presents a significant bottleneck to

scientific progress.

1.0.2 The Need for Surrogates

The quest to accelerate the solution of these equations has become increasingly
urgent, particularly in domains like nuclear fusion, where rapid advancements are
essential to meet ambitious energy production timelines. With insufficient time or
funding to deliver commercial fusion through conventional ’test-based’ development,
our simulation capability must be transformed into an ’actionable’ or predictive capa-
bility built upon state-of-the-art data+model hybrid simulation. This transformation
necessitates a paradigm shift from traditional numerical solvers to more efficient
computational approaches.

Neural surrogate models have emerged as a promising alternative, offering
the potential to reduce computational costs by several orders of magnitude [11,
12]. These models, trained on data generated from high-fidelity simulations or
experimental observations, learn to emulate the PDE solutions across various initial
conditions and parameter configurations. Recent advancements in neural operators,
graph neural networks, and other deep learning architectures have demonstrated
remarkable capabilities in capturing complex PDE dynamics while maintaining
computational efficiency. For instance, neural PDE solvers in fusion applications
have shown speedups of six orders of magnitude over traditional numerical solvers

while maintaining acceptable accuracy levels [13]].

1.0.3 Actionable Surrogate Models

However, the transition from traditional numerical methods to neural surrogate
models introduces its own set of challenges, particularly regarding the reliability
and trustworthiness of these models. Unlike their numerical counterparts, which

are built on well-established mathematical principles with known error bounds,
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Figure 1.1: Neural PDE solvers use data from traditional numerical solvers to quickly
approximate PDEs across various conditions (shown by black arrows). To
ensure reliability, these models incorporate uncertainty quantification (UQ). If
the predicted error exceeds a threshold €, the numerical solver is used and added
to the training data; otherwise, predictions are used as output (shown by red
arrows).

neural surrogates may produce confident predictions without adequate uncertainty
quantification (UQ), potentially leading to catastrophic consequences in safety-
critical applications.

An actionable surrogate is one that can be confidently deployed in scientific and
engineering workflows, with well-characterised uncertainties, physical consistency
guarantees, and sufficient interpretability to enable scientific discovery and engineer-
ing design. Such models would allow “’rapid screening and idea testing and real-time
prediction-based experimental control and optimisation,” enabling scientists and
engineers to explore more hypotheses and reach more robust conclusions. See fig.[I.2]
for an overview.

For surrogate models to be truly actionable and adopted in industry and scientific
research, several critical challenges must be addressed:

Physical Consistency: Machine learned models are often ignorant of funda-
mental laws of physics and can result in ill-posed problems or non-physical solu-
tions. Physics-informed machine learning approaches, which integrate mathematical
physics models with data-driven learning, are essential for ensuring physically con-
sistent predictions.

Uncertainty Quantification: When replacing established physics-based mod-
els with surrogate models, quantifying the uncertainty in predictions is crucial. Mod-
elling complex systems requires the inclusion and characterisation of uncertainties

and errors that enter at various stages of the computational workflow.
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Figure 1.2: Four tenets of an Actionable Surrogate Model.

Interpretability: Black-box surrogate models may achieve impressive per-
formance but lack the interpretability required for scientific understanding and

engineering decision-making.

Generalisability: Surrogate models trained on specific scenarios may not
generalise well to out-of-distribution scenarios, limiting their broader applicability.
Methods that enable surrogate models to extrapolate beyond their training distribution
are crucial for real-world deployment. For a neural PDE, generalisability extends to

different physics, geometries and boundary conditions.

1.0.4 The Need for Uncertainty Quantification

The challenge of uncertainty quantification (UQ) for neural differential equations is
multifaceted. Traditional Bayesian approaches [[14]], while theoretically sound, often
struggle with the high dimensionality and computational demands of complex PDEs.
Alternative methods like dropout-based approaches [[15] or ensemble techniques [[16]
may provide uncertainty estimates but lack statistical guarantees. Recent work on
conformal prediction offers a promising avenue, providing distribution-free predic-
tion intervals with guaranteed coverage properties [17]. However, extending these
methods to high-dimensional spatio-temporal domains presents its own challenges,
requiring careful consideration of exchangeability assumptions and computational

efficiency.
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1.0.5 Combining Experimental and Simulation Data for Scien-

tific Discovery

A persistent challenge in computational science and engineering is the “sim2real
gap”—the discrepancy between simulation predictions and real-world observations.
Traditional physics-based simulations, while mathematically rigorous, often rely
on simplifying assumptions and idealised conditions that fail to capture the full
complexity of physical systems. Actionable surrogate models offer a promising
approach to bridge this gap by synergistically combining physics-based knowledge

encoded in PDEs with experimental measurements.

By integrating the structured inductive biases of physical equations with the
flexibility of data-driven learning, these models can account for phenomena that
are difficult to model from first principles alone, such as material imperfections,
boundary interactions, and emergent behaviours. In fusion applications, for example,
a surrogate model could integrate theoretical plasma physics with experimental
diagnostics to better predict anomalous transport phenomena that pure simulation
struggles to capture. Similarly, in fluid dynamics, surrogate models can incorporate
both Navier-Stokes principles and real-world measurements to account for complex

turbulence effects across diverse flow regimes.

This hybrid approach not only improves prediction accuracy but also enhances
model generalisability, allowing the surrogate to perform reliably in previously un-
seen conditions. Moreover, when equipped with proper uncertainty quantification,
these models can identify where the sim2real gap is largest, guiding targeted experi-
ments and model refinements in an iterative, scientifically principled manner. The
ability to seamlessly assimilate both theoretical knowledge and experimental evi-
dence positions actionable surrogate models as powerful tools for scientific discovery
and engineering innovation, enabling more reliable extrapolation from limited data

and accelerating the pathway from simulation to real-world application.



1.0.6 Building Digital Twins using Surrogate Models

The development of actionable surrogate models is particularly critical for the
creation of digital twins—virtual replicas of physical systems that can reliably
simulate their behaviour in real-time. In fusion energy research, digital twins would
enable researchers to rapidly explore plasma scenarios, optimise reactor designs, and
predict maintenance needs without the enormous costs and delays of physical testing.
For instance, a digital twin of a tokamak could predict plasma instabilities before
they occur, allowing for preventive control measures that extend operation time and
improve performance.

In weather and climate modelling, actionable surrogates can facilitate high-
resolution simulations of coastal flooding, extreme weather events, and climate
tipping points at speeds compatible with early warning systems and adaptive policy
planning [18]].

Engineering applications such as aerospace design, materials development,
and civil infrastructure benefit similarly—digital twins built with reliable surrogate
models can predict structural fatigue, material degradation, and system performance
throughout lifecycle phases, allowing for predictive maintenance and design optimi-
sation with quantified confidence levels.

In all these domains, the transformative potential of digital twins can only
be realised if the underlying surrogate models not only execute swiftly but also
provide physically consistent predictions with well-characterised uncertainty bounds,
enabling decision-makers to take appropriate actions based on simulation outcomes

they can trust.

1.0.7 Summary

Achieving this vision requires a concerted effort across multiple disciplines, bridging
the gap between computational sciences, physics, and engineering. It necessitates
not only technical advancements in neural network architectures and uncertainty
quantification methods but also careful validation against experimental data and
integration with domain knowledge [[19]. The path forward involves developing

surrogate models that are not just fast approximations but trusted partners in the sci-



1.1. The Objective 10

entific and engineering design process, capable of providing insights with quantified
confidence levels suitable for high-consequence decision-making.

This report addresses the current state of the art and the pressing challenges in
surrogate modelling and uncertainty quantification for neural differential equations,
focusing on developing methods that maintain physical consistency while providing
reliable uncertainty estimates. By advancing the state-of-the-art in this field, we
aim to contribute to the broader goal of making computational simulations more
accessible, reliable, and actionable across scientific and engineering disciplines,
particularly in the journey toward commercial fusion energy, weather modelling and

other grand challenges of our time.

1.1 The Objective

1.1.1 PDE modelling

Consider the arbitrary partial differential equation (PDE) modelling the spatio-

temporal evolution of n field variables u € R":

D=D,(u)+Dx(u)=0, XeQ, rel0,T] (1.1)
ulX,t)=g(X,t), Xe€dQrel0,T], (1.2)
u(X,0)=a(1,X). (1.3)

Here, X defines the spatial domain bounded by € and defined with geometry
®. The PDE is defined over a continuous temporal domain [0,7| and Dy and Dy,
the composite operators of the associated spatial and temporal derivatives, including
the PDE coefficients. The PDE is further defined by the boundary condition g(X,1)
and the initial condition a(A4,X), parameterised by A. Our objective resembles the
forward problem of solving a PDE setup as an initial-boundary value problem (ibvp).

Mathematically, we need to perform the mapping defined below:

U:P—=U. (1.4)
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Here, P is the space of all possible PDE problems, characterised by the operators
Dy, D;, domain geometry @, boundary conditions g, and initial conditions a and U

is the space of all PDE solutions.

1.1.2 Neural PDE Modelling

Within the context of neural PDE modelling, we aim to achieve our objective by
devising a parameterised neural network G(0) to serve as a surrogate model that can

approximate the mapping defined within eq. (1.4):

No~U. (1.5)

For a given PDE problem p € P, the surrogate model generates a prediction of

the PDE solution u:
N@(p)(Xat) ~ M(X7t>7 (16)

which approximates the true solution as defined in eqs. (1.1)) to (1.3)).

1.1.3 Error Metrics and Constraints

To evaluate the performance of our surrogate model, we define error metrics that
quantify both the accuracy of the approximation and its adherence to the underlying

physical principles. The point-wise approximation error can be defined as:
e(X.1) = [U(p)(X,1) = No(p)(X,1)]. (1.7)
The overall solution accuracy can be measured using integral norms:

1/2
Eut = ( ] T||u<p><x7t>—Ne<p><x,r>||2drdx) a4

Beyond point-wise direct solution accuracy, we can define physics-informed

error metrics that measure how well the surrogate model satisfies the governing
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equations and obeys the conservation laws:

EbDE — </Q/OT|]D(N9(p)(X,t))]|2dth> " (1.9)

Here, D represents the residual operator of the PDE (obtained by expressing
eq. (I.I)) in it’s canonical form). This measures the deviation of the surrogate model
prediction from the true physics when deployed to solve for a specific PDE solution.
By formulating the PDE in its conservative form, eq. becomes a measure of the
deviation from the conservation laws for the approximate prediction of the neural

PDE.

To ensure the surrogate model remains physically meaningful and sufficiently

accurate, we impose the following constraints:

gsol S Eiols (110)

EppE < b0l (1.11)

where &) and &, are user-defined, problem-specific tolerance thresholds for solution

accuracy and PDE residual, respectively.

1.1.4 Uncertainty Quantification as a Fallback

For neural PDE based surrogate models to become truly actionable in high-stakes
scientific and engineering applications, they must navigate a critical balance be-
tween error constraints and uncertainty quantification. Ideally, these models should
simultaneously satisfy both solution accuracy (& < &o1) and physics-informed
(EppE < Oy01) error constraints, ensuring predictions that are not only accurate com-
pared to ground truth but also respect underlying physical laws; however, real-world
complexity makes strict adherence to it challenging. This is more pronounced,
particularly in regions with sparse training data, regime extrapolation, or complex
multi-physics interactions. In those situations an actionable surrogate must transition
from confident prediction to informed uncertainty quantification, providing calibrated

estimates for both solution uncertainty and potential physics violations through spa-
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tiotemporal uncertainty maps. This allows us to precisely identify where the model
might operate outside its error constraints, thereby enabling selective model re-
finement, adaptive sampling strategies, and hybrid approaches that blend surrogate
predictions with traditional solvers in high-uncertainty regions, ultimately transform-
ing these surrogates from mere computational accelerators to decision-support tools
that engineers and scientists can confidently use to guide design exploration, deter-
mine when additional high-fidelity simulations are needed. This nuanced approach
to error constraints and uncertainty quantification moves beyond the binary notion of
either trusting or distrusting surrogate models. Helping make informed judgments
for high-consequence decisions across applications from fusion energy research to
climate modelling, creating a continuum of reliability that adapts to the specific
domain, available data, and physical complexity while maintaining the scientific

rigour necessary for addressing our era’s grand challenges.



Chapter 2

Background

2.1 Surrogate Modelling

As defined in section [[.T] surrogate modelling of PDEs involves learning to map the
spatio-temporal evolution of physical variables within a defined domain. The data
under consideration inherits certain implicit biases, such as causality, sequentiality
and, depending on the physics under consideration, a range of invariances and
equivariances. The surrogate model to serve as the neural PDE needs to be built
considering this implicit bias within the data to solve an initial-boundary value

problem as defined in eqs. ((1.1)) to (1.3).

An ideal surrogate model defined in eq. (1.6), should be able to model any
PDE(s), explore multiple boundary conditions, provide predictions that are continu-
ous in space and time, and can adapt to any domain geometry all the while being

within the tolerance limits as defined in eqgs. (I1.10)) and (1.1T). Though the current re-

search landscape is yet to devise a method for constructing an ideal surrogate model,
there have been significant developments in providing some of the above-mentioned

features to the model [20].

We explore the existing literature under the guise of the physics-data tradeoff
that each of these methods espouses. In fig. we outline this physics-data axis
along which different kinds of surrogate models lie. Along the left end of the axis, the
models are physics-driven, relying on less data and more information about the PDE

under consideration, in the form of residuals or conservation equations. The further
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Figure 2.1: Neural PDE landscape: Most surrogate models deployed within SciML frame-
works exist along the given Physics-Data axis. On the left end, we have models
driven explicitly by physical constraints with limited dependence on data. As
we move further right along this axis, the model’s explicit knowledge of the
physics fades, increasing the dependence on training data from which the model
hopes to distill the physics dynamics under consideration.

right we move on the axis, the model becomes more data-driven, implicitly learning
the physics of the PDE from simulation/experimental data. Though the primary
focus will be on the capability to model the physics well, for each type of neural
PDE, we will also be looking at its capability to model and handle multi-physics,
predict across the space-time continuum for desired geometries while adapting to

different boundary conditions.

2.1.1 Physics-Informed Neural Networks

Physics-Informed Neural Networks (PINNs) are a class of machine learning models
that incorporate physical laws and domain knowledge directly into the neural network
training process through the use of PDE residuals as soft constraints [21].

Given an arbitrary partial differential equation (PDE) system as given in

eq. (1.1):
D=D;(u)+Dx(u)=0, Xe€Q tec]0,T]

, with boundary conditions u(X,t) = g(X,t) on X € JQ and initial conditions
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u(X,0) = a(A,X), a PINN represents the solution u(X,¢) using a neural network
N (X, ) with parameters 0. The key innovation of PINNs is the construction of a

composite loss function that penalises:
1. The PDE residual: Lppg = ||D;(Ng) + Dx (Np) ||§2X[oﬂ
2. The boundary condition mismatch: Lgc = ||[Ng — gH%QX[O?T]
3. The initial condition mismatch: Ljc = [|[NVg(-,0) —a(A, )Hé

The total loss is a weighted sum of the PDE residual, the error with the initial

and boundary conditions:

Liotal = AppELPDE + ABcLBC + AicLic, 2.1

leading to an unsupervised training objective:

0" = argrrgnﬁ(e). (2.2)

This approach effectively embeds the physics described by the PDE system
directly into the neural network training process. Traditionally, PINNs are devised as
coordinate-based MLPs (implicit neural representations) that learn to map the space-
time coordinates to physical field variables [22, 23]. PINNs serve as surrogates that
approximate the mapping U/ from the PDE problem space to the solution space while
inherently respecting the conservation laws encoded in the PDE formulation. Unlike
traditional numerical methods, PINNs leverage automatic differentiation to evaluate
the PDE residuals, eliminating the need for mesh generation and making them
particularly advantageous for high-dimensional problems or complex geometries.
PINNSs have found application in a range of modelling tasks, ranging from fluid
mechanics [24], molecular and material deformation [25] to magnetic control of
fusion devices [26]. There exist various variants to PINNs that rely on modelling

using a physics-driven approach. Deep Galerkin methods minimise a volumetric
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residual applied over a test function [27], Deep Ritz method where the loss is
defined as the energy of the problem’s solution and minimised [28]. PINNs are
also structured to solve the conservative form of the PDE [29], allowing for better

representations of sources and sinks.

Limitations: Though PINNs mathematically guarantee convergence to the
solution, in practice, they often fail to meet this criterion. They suffer from the errors
arising from the approximation, generalisation and optimisation found within neural
networks [30]. Faced with a multi-objective optimisation task as given in eq. (2.1),
they fail to satisfy all objectives, imperative for a well-defined PDE [31]]. They are
often ill-conditioned, leading to a poorly defined loss landscape unable for gradient

descent-based algorithms to traverse and identify a suitable minima [32].

Geometry: Being inherently mesh-free in design, PINNs are capable of adapt-
ing to different geometries within the same spatio-temporal problem domain. How-
ever, due to the lack of an explicit definition of the domain geometry, they fail to
model the boundary conditions imposed by complex geometries and need additional
geometry information as inputs to aid the modelling [33]. Space-time Continuum:
The mesh-free nature allows PINNSs to be continuous in space and time, generating
predictions that are smooth, infinitely differentiable solutions across the interested
domain. Multi-Physics: PINNs generally struggle with complex multiscale and
multiphysics settings as it adds more objectives to the loss function, increasing the
complexity of the optimisation task in hand. Boundary Conditions: PINNs either
encode the boundary condition as a soft-constraint in the loss or as a hard-constraint
within the architecture 34, 35], however they remain fixed after training and fail to

adapt to other boundary conditions when deployed.

2.1.1.1 Sparse/Coarse PINNs

Considering the challenge of optimisation for PINNs, when trained in an unsuper-
vised setting, various works have proposed the utilisation of limited simulation/ex-
perimetnal data to help augment the loss landscape [30, 36]. In these works, the loss

in eq. (2.1) is modified to have a data element as well:
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Liotal = AppELPDE + ABcLBC + AicLic + Abatas LData; (2.3)

where Lpa, is the L2 norm taken across the model predictions and the target
data. The target data could be obtained from sparse experimental data or simulation
data generated on a coarser grid. Supplying data to the training objective transforms
the optimisation from an unsupervised learning scenario to a hybrid supervised-
unsupervised model, allowing the model to approximate the solution better. However,
the optimal choice of the coefficients A within the loss functions still remains an

open problem [37].

2.1.1.2 Lagrangian and Hamiltonian Neural Networks

Lagrangian and Hamiltonian Neural Networks are specialised machine learning
architectures that incorporate fundamental principles from classical mechanics to
model physical systems with improved accuracy and physical consistency.
Lagrangian Neural Networks (LLNNs) learn to approximate the Lagrangian
function (L =T —V, where T is kinetic energy and V is potential energy) of a physi-
cal system [38]. By learning this scalar function and applying the Euler-Lagrange
equations through automatic differentiation, LNNs can predict system dynamics
while naturally preserving conservation laws and symmetries. This approach is
particularly effective for systems where conservation of energy and momentum are

essential.

LNNs learn the Lagrangian function and use the Euler-Lagrange equations:

d [(dLg L\ ||
i (%) +(5), ) .

where Lg(q,q) is the neural network approximation of the Lagrangian with

1 N
LINN = N; (’

parameters 0, g represents generalized coordinates and ¢ their time derivatives. The

Euler-Lagrange equation % ( 3—2) — ’3—2 = 0 governs the dynamics
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Hamiltonian Neural Networks (HNNs) instead learn the Hamiltonian func-
tion (H =T + V) of a system. By learning this energy function and implementing
Hamilton’s equations through automatic differentiation, HNNs explicitly preserve
the symplectic structure of physical systems. This makes them exceptionally well-
suited for modelling conservative dynamical systems and providing stable long-term
predictions [39]. Both approaches offer significant advantages over conventional
neural networks by embedding physical inductive biases directly into their archi-
tecture, resulting in models that require less training data and produce physically

consistent predictions that respect fundamental conservation laws.

HNNs learn the Hamiltonian function and use Hamilton’s equations:

. (JdHy . (9Hg 2
(%), p’*(a—q),-) =

Where: Hg(q, p) is the neural network approximation of the Hamiltonian with

2

i

1 N
EHNN:Ni:Zi<

parameters 0, g represents generalized coordinates and p their conjugate momenta.

Hamilton’s equations ¢ = %—;1 and p = —%—Z govern the dynamics

Both LNNs and HNNs can incorporate additional regularization terms or con-

straints for specific physical properties as needed.

2.1.2 Equivariant Neural Networks

Equivariant Neural Networks (EqQNNs) are a class of neural architectures designed
to respect the underlying symmetries and invariances present in physical systems.
By embedding these symmetries directly into the network architecture, EQNNs
can provide more physically consistent solutions with improved sample efficiency

compared to standard neural networks [40, 41} 142} 43]].

Let G be a symmetry group acting on the input space X and output space Y
via group actions py and py, respectively. A function f: X — ) is said to be

equivariant with respect to G if forall g € Gand x € X:
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flpx(g)x) = py(g)f(x) (2.6)

In the context of PDEs as described in eq. (I.I)), the equivariance property
ensures that if the input data (e.g., initial conditions, boundary conditions) undergoes
a transformation from group G, the predicted solution transforms in a corresponding
manner. For instance, if we rotate the boundary conditions of a fluid dynamics
problem, an equivariant neural network would produce a solution that is exactly the
rotated version of the solution for the original boundary conditions.

Equivariant neural networks employ specialised architectural components that
preserve group symmetries throughout the forward pass. Two main approaches have

emerged for integrating symmetries into neural architectures [42]:

1. Group Convolutional Networks: These generalize standard convolutions to
operate over a symmetry group G, where the convolution operation naturally
preserves equivariance [41]. Group convolution is defined for a compact
group G with kernel K : G — L(V;,V»), feature function f : G — Vi, and Haar

measure L on G as:

(K )65) = [ KG9/ ()dn(r) @)

This operation can be extended to representative group convolutions that
support non-regular representations, providing greater flexibility in modelling

various symmetries [42]].

2. Steerable Convolutional Networks: These leverage steerable filters that
transform predictably under group actions [44]. Tensor Field Networks [45]]
extend this approach to operate on geometric tensor fields to maintain SE(3)

equivariance.
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For solving PDEs, the loss function for an equivariant neural network £g could

combine the standard PDE loss terms with equivariance constraints:

Etotal = LppE + EBC + EIC + )Leqceq (2.8)

Leg = Egeg e [Eo(px(8)x) — py(8)Eo ()| (2.9)

where Aq balances the equivariance constraint against other loss terms. How-
ever, in practice, when the architecture is perfectly equivariant by construction, Leq
becomes unnecessary, as equivariance is guaranteed for any parameter values 0
[40,42].

A particularly powerful approach for solving PDEs with equivariant networks
involves leveraging the theory of differential invariants [42]]. For a PDE system with
symmetry group G, the differential operators can be expressed in terms of differential

invariants:

ki
Y adju=F (a(pbf;} . a¢g,;’<) (2.10)
i=1

where a¢f ,’lj are the differential invariants of the group G. Equivariant neural
networks can be trained to approximate these invariants, enabling the construction
of symmetry-preserving discretisation schemes without the need to formally derive
numerical invariantizations [42].

Equivariant neural networks have demonstrated success in modelling various
physical systems governed by PDEs. They have been used for turbulence modelling
with symmetry preservation [46]. E(3)-equivariant mesh-based networks have shown
superior performance in predicting turbulent flows by preserving rotational and trans-
lational symmetries [40]. Group-convolutional approaches have been successfully
applied to 2D heat equations through SE(2) symmetry-preserving discretisations
[42]]. Spherical CNN architectures that respect the symmetries of the sphere have

been applied to global weather prediction tasks (47, 48]]. SE(3)-equivariant networks
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have been used to predict the molecular wave functions of atomistic systems, guaran-
teeing rotational and translational invariance of energy predictions [49]. Exploiting
Lie point symmetries within the training data allows for further data augmentation,
reducing sample complexity by an order of magnitude while maintaining physical
consistency [S0]. One of the most successful approaches is E(n)-Equivariant Graph
Neural Networks [51], which combine the expressivity of graph neural networks
with equivariance to Euclidean transformations, proving particularly effective for

modelling particle systems and continuum mechanics.

Limitations: Despite their theoretical advantages, equivariant neural networks
face several challenges. They often require specialised implementations that can
be computationally intensive, particularly for higher-dimensional groups or com-
plex symmetries [S52]. The formal derivation of numerical invariantization becomes
increasingly challenging as the number of variables increases, limiting the applica-
bility of these methods in high-dimensional settings [42]. The strict enforcement of
symmetries may also limit the network’s expressivity in cases where the underlying

system exhibits near-symmetries or broken symmetries [S3]].

Geometry: Equivariant neural networks excel in handling complex geometries
as they can naturally incorporate geometric transformations. For instance, SE(3)-
equivariant networks can model rotationally invariant phenomena regardless of the
orientation of the domain [45]. However, they may struggle with domains that have
symmetry-breaking boundary features unless specifically designed to accommodate
them [40]. For PDEs defined on non-Euclidean manifolds, specialised equivariant
architectures have been developed to respect the underlying geometric structure [42].
Space-time Continuum: Depending on the architecture being deployed, equivariant
networks can operate on continuous space-time domains or on fixed discrete domains.
They often leverage positional encodings that respect the underlying symmetries of
the space-time manifold [23]. Multi-Physics: Equivariant neural networks are par-
ticularly well-suited for multi-physics problems where different physical phenomena
share underlying symmetries. By enforcing these symmetries in the architecture,

they can more efficiently learn the complex interactions between different physi-
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cal processes[43]. An advantage is that once an equivariant architecture is trained
to approximate the differential invariants of a specific symmetry group, it can be
applied to solve any other PDE with the same symmetry group without retraining
[42]. Boundary Conditions: Enforcing boundary conditions while maintaining
equivariance can be challenging, particularly for Dirichlet or Neumann conditions
that may break certain symmetries. Various approaches have been proposed, includ-
ing symmetry-preserving boundary constraint functions and augmented Lagrangian
methods that incorporate boundary conditions as soft constraints while preserving the
equivariant structure of the network [53]]. For symmetry-preserving finite difference
schemes, the formulation of boundary conditions in terms of differential invariants
allows for the construction of discretisation schemes that respect both the PDEs and

their boundary conditions [42].

2.1.3 Neural Operators

Neural Operators are a class of machine learning models that learns to approximate
the operator that maps between function spaces from a finite collection of observed
input-output pairs [54]]. Given input functions from a Banach space .4 and output

solutions in a Banach space U/, a neural operator learns the mapping:

NOg: A—U 2.11)

The core notion behind a neural operator is that it depends on discretisation-
invariant functions rather than on discretised vectors. This is achieved by constructing

the models to implement a method of kernel integration that takes the shape:

(K(a;(l))vt)(x):/DK(x,y,a(x),a(y);(p)v,(y)dy, (2.12)

The neural operator defined in eq. (2.12)) represents the non-local transformation
of hidden representation v; to produce values at position x. Here, Kk is a learnable

kernel parameterised by ¢, allowing the model to capture relationships between input
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function values a(x) and a(y) across the entire domain D. This kernel integration

appears within the iterative layer update:
Vier (x) = 0 (Wvi (x) + (K(a; 9)vi) (x) + b () (2.13)

where o is a nonlinear activation function, W; represents a local linear transformation
capturing point-wise features, and b, (x) is a bias term. The complete neural operator
architecture consists of an initial lifting operator P mapping input function a(x) —
Vo(x), followed by T layers of these kernel integrations with nonlinearities, and
concluding with a projection operator Q mapping vy (x) — u(x) to produce the
output function.

There exist different implementations of neural operators based on the method
of kernel integration, each with its own set of advantages and disadvantages as
outlined in table 2.1l

Neural Operators have found application in modelling complex PDE across a
range of domains from weather modelling [61} 162, 63]], carbon monitoring [[64} (65,
fluid modelling [66, 67] and nuclear fusion [68} |13} 169, [70]. Neural Operators have
been devised to formulate foundation physics models trained on a large PDE dataset
with the aim to generalise to unseen physics [[71} 72, [73]].

Limitations: Neural operators are only discretisation invariant in theory. In
practice, because they are trained using discretised instances of the input functions
and output solutions, they are rather discretisation-convergent [74, [75]. The extent
of this convergence depends on the method of kernel integration deployed and on
the aliasing errors that arise from the discretisation of the training data. Multigrid
methods have demonstrated potential in addressing these aliasing errors [/6]. De-
pending on the choice of kernel, these models can be relatively complex in operation
and have a large memory footprint as well. Space-time Continuum: As described
above, neural operators allow for continuous predictions in the spatial domain, but
are discrete in the temporal dimension as they are handled autoregressively [[77, [78]].
There have been some recent attempts to make them continuous in time, but they

have been limited to toy experiments [79]]. Geometry: Certain neural oeprators are
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Neural Operator

Kernel Integration
Method

Advantages

Disadvantages

Graph Neural Opera-
tor (GNO) [55]

Nystrom  approxi-
mation with domain
truncation

e Handles unstructured grids e
Flexible domain geometry e Cap-
tures local structure efficiently

e Performance depends on sam-
pling quality e Truncation may
lose long-range dependencies

Low-rank Neural Op-
erator (LNO) [54]

Tensor product de-
composition

o Linear complexity e Efficient
for near-linear operators e Sim-
ple implementation

e Limited expressivity e Strug-
gles with highly non-linear op-
erators © Rank must be chosen
carefully

Multipole  Graph
Neural Operator
(MGNO) [56]

Multi-scale decom-
position with hierar-
chical matrices

e Linear complexity e Captures
multi-scale interactions e Works
well on complex geometries

e Complex implementation e
Hierarchical structure design
is problem-dependent e Higher
overhead than other methods

Fourier Neural Oper-
ator (FNO) [11]

Spectral convolution
using FFT

e Fast computation e Excellent
for smooth functions e State-
of-the-art performance on many
PDEs

e Limited to structured grids e
Struggles with discontinuities o
Periodic boundary conditions as-
sumed

DeepONet [57]

Branch-trunk archi-
tecture with point-
wise evaluation

e Universal approximation guar-
antees e Can query at arbitrary
output points e Theoretically
well-founded

o Not discretisation-invariant in
basic form e Input function must
be on fixed grid points e Linear
approximation scheme

Implicit Neural Rep-
resentation  (INR)
[23]

Point-wise MLP
with periodic activa-
tions

e Continuous representation e
Memory efficient e Resolution-
independent

e Not an operator (represents sin-
gle function) e Slow training con-
vergence e Struggles with high-
frequency details

Convolutional Neu-
ral Operator (CNO)
(58]

Bandlimited convolu-
tion and continuous-
discrete equivalence

e Resolution invariant @ Robust
multi-scale processing e Excel-
lent generalisation capability e
Representation equivalence guar-
antees

e Requires bandlimited function
spaces @ Higher implementation
complexity e More expensive
sinc filtering operations

Laplace Neural Oper-
ator (LNO) [59]

Pole-residue Laplace
domain transforma-
tion

o Captures transient responses ®
Handles non-periodic signals e
Physically interpretable parame-
ters e Exponential convergence
capabilities

e Limited to specific applications
e Complex parameter interpreta-
tion @ More suitable for systems
with poles and residues

Wavelet Neural Op-
erator (WNO) [60]

Wavelet transform
and kernel integra-
tion

o Superior time-frequency locali-
sation e Handles discontinuities
effectively e Captures spatial pat-
terns well ¢ Works for complex
boundaries

e Choice of wavelet basis af-
fects performance e Computa-
tional overhead for wavelet trans-
form e More complex implemen-
tation

Table 2.1: Comparison of different neural operator architectures based on the kernel integra-
tion method, exploring the pros and cons of each.
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capable of handling irregular meshes and point cloud data [55, 23} 57], whereas most
others are restricted to regular structured grids [11} 158} 59, 60]. Multi-physics: Most
neural operator usage has been for modelling a specific physics under consideration
and they have failed to extend to a more generalisable understanding of the dynamics.
Boundary Conditions: Within models like the FNO, the boundary conditions are
expected to be periodic in nature. Other models operating on structured grids have
the capability of handling different boundary conditions by modifying the type of
convolution being deployed. These models do not exhibit any distinction of the
PDE from its boundary conditions and once trained the boundary conditions are
embedded to the dynamics distilled into the model, that they cannot be used to model

the physics under different boundary conditions.

2.1.3.1 Physics-Informed Neural Operators

Physics-Informed Neural Operators (PINO) are a learning method for neural PDEs
combining a neural operator architecture with the training objective of a PINN as
outlined in eq. (2.1)) [67]. They are often used in a setting where a neural operator
model trained on a general subset of simulation data is further finetuned to solve for
a specific, well-defined PDE [80, 81] using the PDE loss alone. PINO models rely
on using automatic differentiation or finite differences to evaluate the PDE residuals
across the prediction [82]. In this work, message passing within a graph neural
operator has been modified to behave as a finite volume method for modelling the
dynamics of fluid flow [83].

Composite neural operator models, constructed by combining several neural
operator architectures, help bring the best out of each model as seen in this modified
implicit neural representation [63]]. By combining a GNO with an FNO, the model

can handle irregular geometry and provides for efficient kernel integration [84].

2.1.4 Data-Driven Neural Networks

Since the fundamental value of a surrogate model is to provide a quick, inexpensive
approximation of the true function, traditional neural network architectures have a

significant role to play in the landscape of neural PDE solvers. Through this part,
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we quickly touch upon fundamental machine learning models, their mathematical

formulation, applications for PDE modelling and their limitations

2.1.4.1 Multilayer Perceptron (MLP)

The Multilayer Perceptron (MLP) is one of the foundational neural network architec-
tures, consisting of at least three layers: an input layer, one or more hidden layers,
and an output layer [85]. Each layer comprises multiple neurons (or nodes), with
each neuron in a layer fully connected to all neurons in the subsequent layer. MLPs
are feed-forward networks, meaning information flows only in one direction—from

input to output—with no cycles or loops.

Given an input vector x € R%, an MLP with L layers computes:

ho = x (2.14)

hg:Gg(Wghg_l-l-bg), for{=1,2,...,L (2.15)

where h, € R% is the output of the /-th layer, W, € R%*%-1 is the weight
matrix for /-th layer b, € R% is the bias vector for the /-th layer oy is a non-linear
activation function (e.g., ReLU, sigmoid, tanh). The final output y = hy, is used for
prediction or classification. The network parameters 6 = {(Wg,bg)}]gzl are learned
by minimizing a loss function £(y,y*) using gradient-based optimization methods,
where y* represents the ground truth labels. MLPs have been used as surrogates for
modelling wind turbine blades [86], classifiers for high-energy physics [87], and for

designing fusion reactors [88].

Limitations MLPs suffer from the curse of dimensionality, requiring exponen-
tially more data as input dimensionality increases. They lack inherent mechanisms
to handle sequential or spatial data structures, ignoring important local relationships
in data like images or text. Despite their universal approximation properties, MLPs
often require significant tuning of hyperparameters and are prone to overfitting on

small datasets.
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2.1.4.2 Recurrent Neural Network (RNN)

Recurrent Neural Networks (RNNs) are specialised neural architectures designed
to process sequential data by maintaining an internal state (memory) that captures
information from previous inputs. Unlike feed-forward networks, RNNs include
feedback connections, allowing information to persist across time steps [[89]]. This
recursive structure enables RNNs to model temporal dependencies in data, making

them particularly suitable for tasks involving sequences of variable length.

For an input sequence X = (X|,X,...,X7) where each x; € R?, a simple RNN

computes:

h; = 6, (Wix; + Wish 1 +by) (2.16)

y: = 0y(Wy,h, +by) (2.17)

where, h; € R™ is the hidden state at time step ¢, y; € R" is the output at time step
t, Wj, € R™*4 ig the input-to-hidden weight matrix, Wy, € R™*™ is the hidden-to-
hidden weight matrix, Wy, € R is the hidden-to-output weight matrix, b, € R™

and b, € R" are bias vectors, 0, and oy, are activation functions

More advanced RNN variants include Long Short-Term Memory (LSTM)
networks [90] and Gated Recurrent Units (GRUs) [91], which introduce gating
mechanisms to better control information flow and mitigate the vanishing gradient
problem. RNNs and its variants have been used to better model the temporal

dependencies of PDEs across a wide range of physical dynamical systems [92, 93} 94]

Limitations: Standard RNNs suffer from the vanishing and exploding gra-
dient problems, making them challenging to train on long sequences. Despite
advancements like LSTMs and GRUs, RNNss still struggle to capture very long-range
dependencies effectively. The sequential nature of RNN computation prevents paral-
lelisation during training, resulting in slower convergence compared to architectures

that allow for more parallel processing.
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2.1.4.3 Convolutional Neural Network (CNN)

Convolutional Neural Networks (CNNs) are specialised neural architectures primar-
ily designed for processing grid-like data, such as images. They incorporate three
key principles: local receptive fields, shared weights, and spatial or temporal subsam-
pling [95]. By leveraging these principles, CNNs automatically learn hierarchical
representations of data, capturing low-level features (e.g., edges, textures) in early
layers and more abstract, high-level features in deeper layers. The convolutional
nature of these networks introduces translation invariance, making them robust to

spatial shifts in the input data.

For a 2D input X € REXWXC (height, width, channels), a convolutional layer

computes:

Fy—1Fy—1C—1

Zijk= Y. Y Y Xisimjsine Knnex+bi (2.18)
m=0 n=0 c¢=0
Aijk=0(Zijx) (2.19)

where, Z; ;; is the pre-activation value at position (i, j) for the k-th feature
map, A; ; x is the activation value after applying non-linearity o, K € Rf#*fwxCxK
represents K convolutional filters of size Fg X Fiy X C, b € RX is a bias vector, s is

the stride parameter

A typical CNN architecture also includes pooling layers for downsampling:

Piji= POOI({Ai~p+mJ~p+n,k |0 <m,n < P}) (2.20)

where P is the pool size and p is the pooling stride. Common pooling operations
include max-pooling and average-pooling. The final layers of a CNN often consist of
fully connected layers for classification or regression tasks, however U-Nets with a
fully convolutional network have found tremendous applications in spatio-temporal
modelling [96]. They have been used for modelling weather complex PDEs [97],

nuclear fusion [98] and even to mimic a multigrid method for fluid modelling [99].

Limitations: CNNs lack explicit mechanisms to model long-range dependen-
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cies in data, limiting their effectiveness on tasks requiring global context understand-
ing. They typically require large amounts of labelled data for effective training,
making them less suitable for domains with limited annotated examples. Despite
their translation invariance, CNNs are not inherently invariant to other transforma-
tions such as rotation, scaling, or viewpoint changes without specific architectural

modifications or data augmentation.

2.1.4.4 Vision Transformer (ViT)

The Vision Transformer (ViT) adapts the Transformer architecture, originally de-
signed for natural language processing, to computer vision tasks. Unlike CNNss,
which use convolution operations to process images, ViT treats an image as a se-
quence of patches and processes them using self-attention mechanisms [100]. This
approach allows the model to capture global dependencies in the data without the

inductive biases inherent in CNNSs.

Given an input image X € Rf>*W>*C ViT first divides it into N non-overlapping
patches x, € RP Z'C, where (P, P) is the patch size. These patches are linearly pro-

jected to obtain patch embeddings:
7y = [Xclass;Exl ;EXo; ... ;EXN] + Epos (2.21)

where, X .55 1S a learnable classification token prepended to the sequence, E €

RDx(P*-C) (N+1)

is a learnable linear projection, Eyos € R D contains positional

embeddings.

The Transformer encoder processes these embeddings through L layers of

multi-head self-attention (MSA) and MLP blocks:

z;=MSA(LN(zy_1))+zo_, £=1...L (2.22)

zp=MLP(LN(z)))+z;,, (=1...L (2.23)
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where LN denotes layer normalization. The self-attention mechanism is defined as:

. QK”
Attention(Q, K, V) = softmax \% (2.24)
Vdy

where Q, K, and V are query, key, and value matrices. The multi-head attention
extends this by projecting the queries, keys, and values 4 times with different learned
projections.Transformers have found application in PDE solving [101, 71} 102] and
weather modelling [[103].

Limitations Vision Transformers require large datasets for training from scratch,
often performing worse than CNNs when trained on smaller datasets without strong
regularization. The quadratic complexity of self-attention mechanisms with respect
to sequence length makes ViTs computationally expensive for high-resolution images.
Despite their strong performance, ViTs lack some of the useful inductive biases of

CNNs, such as translation equivariance and locality.

2.2 Uncertainty Quantification

Though uncertainty quantification for neural networks is a thesis by itself, we focus
primarily on three broad categories that find consistent application or are emerging
methods within the field of scientific machine learning. As given in fig. 2.2] we
categorise UQ methods into three categories: Bayesian, frequentist and verified
methods. Within each category, we focus on three submethods that find application
for modelling PDEs and other dynamical systems. The key features, advantages
and disadvantages of each method are outlined in table We dive deeper into the

formulation, application and limitations of each of the methods in the sections below.

2.2.1 Bayesian Methods

2.2.1.1 Bayesian Neural Networks (BNNs5)

Bayesian Neural Networks (BNNs) extend traditional neural networks by treating
weights as probability distributions rather than point estimates, providing a principled
framework for uncertainty quantification in regression tasks. Unlike deterministic

networks that output a single predicted value for each input, BNNs produce predic-
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UQ Method Key Features Advantages Disadvantages
Bayesian Methods
Bayesian Neural | Treats weights as ran- | Principled uncertainty | High computational

Networks [[104]

dom variables e Learns
posterior distribution e
Various inference tech-
niques (VI, HMC)

representation e Cap-
tures aleatoric and epis-
temic uncertainty e
Natural incorporation
of priors

cost e Challenging to
scale e Often requires
approximations e Fails
to guarantee coverage

Monte Carlo
Dropout [15]

Dropout during infer-
ence e Multiple for-
ward passes ® Approx-
imates VI in infinite
width networks

Simple to implement o
Works with existing ar-
chitectures e Minimal
training overhead

Limited expressiveness
e Dropout rate affects
quality e Often under-
estimates uncertainty

Deep Ensem-
bles [16]]

Multiple networks with
different initializations
e Can use adversarial
training @ Combined at
inference

e Captures multi-
modal uncertainties o
Robust to distribution
shift

High training cost e
Memory intensive e
Multiple model mainte-
nance o Noisy and fails
to guarantee coverage

Frequentist Methods

Evidential Net-
works [[105]]

Predicts  parameters
of conjugate priors e
Second-order uncer-
tainty e End-to-end
training

Single forward pass
at inference e Uncer-
tainty in uncertainty
e Aleatoric/epistemic
separation

Constrained by prior
family e Potential over-
confidence e Careful
loss design needed

Conformal Pre-
diction [[106]

Distribution-free inter-
vals e Guarantees cov-
erage probability e Can

Rigorous  statistical
guarantees e Model-
agnostic e Calibrates

Requires calibration
set o May produce
wide intervals e Lim-

be applied post-hoc any prediction model | ited for OOD data
Bootstrap En- | Resamples  training | No distributional as- | Computationally
sembles [[107]] data e Training on | sumptions e Simple im- | expensive e Data

different subsets e | plementation e Paral- | inefficient e May

Frequentist posterior

lelizable training

analog

underestimate uncer-
tainty

Verifi

ed Methods

Interval Arith-
metic [[108]]

Propagates  interval
bounds e Guaranteed
to contain true output
e Maintains bounds
per operation

Mathematically rigor-
ous e Complete verifi-
cation e Conceptually
simple

Often produces loose
bounds e Dependency
problem e Limited
scalability

Taylor Models
[109]

Polynomial approxima-
tion with error bounds
e Higher-order track-
ing

Tighter bounds than in-
tervals e Captures de-
pendencies e Handles
nonlinearities well

Complex implementa-
tion e Expensive for
higher order e Ineffi-
cient for deep networks

Zonotopes [110]

Linear transformations
of hypercubes o Affine
set representation e
Specialized for ReLU
networks

Formal guarantees
with rigorous bounds e
Exact for affine layers
e Capture non-convex
output distributions

Approximation  for
nonlinearities ® Mem-
ory grows with depth
e Computing exact
bounds expensive for
high dimensions

Table 2.2: Comparison of Uncertainty Quantification Methods for Neural Networks
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Verified

Interval Arithmetic
Taylor Models
Zonotopes

Figure 2.2: High-level landscape of various UQ methods available for Neural PDEs

tive distributions that capture both the expected value and the associated uncertainty,
enabling more robust predictions in regression problems where quantifying con-
fidence is crucial, such as in scientific and engineering applications where safety

considerations or decision-making under uncertainty are paramount.

In standard regression neural networks, weights w are optimised as point esti-

mates to minimise a loss function (typically mean squared error):
N
min £(w,D) = min Z(yi — f(xi;w))? (2.25)

where D = {(x;,y;) }_; represents the training data, and f(x; w) is the neural network
function. BNNs, however, place a prior distribution p(w) over the weights (often

Gaussian) and learn a posterior distribution p(w|D) via Bayes’ rule:

p(D|w)p(w)

piwip) = P

(2.26)

For regression, the likelihood p(D|w) is typically modeled as Gaussian:

N

p(DIw) =[N (ilf (xi:w),0%) (2.27)

i=1
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where 72 represents the observation noise variance. Predictions for new inputs x*

are made by marginalising over the posterior to obtain a predictive distribution:

PO D) = [ ("' w)p(wID)aw 2.28)

This integral is typically approximated either via variational inference (by minimising
the KL divergence between an approximate distribution gg (W) and the true posterior)

or using Monte Carlo methods to draw samples from the posterior.

In scientific regression problems, BNNs have been successfully employed for
uncertainty-aware surrogate modelling of complex physical systems, providing prob-
abilistic approximations to solutions of partial differential equations with quantified
confidence bounds [[111} 112} |19]. BNNs have been deployed to provide UQ for
PINNS [[113], Physics-informed priors have allowed for better posterior estimation
in BNNs [114] and have found utility in PDE discovery [115]. Multifidelity BNNs

have found success in modelling PDEs in data-constraint settings [[116].

Limitations: Computational complexity remains a significant challenge, as
training BNNs through variational inference or MCMC methods requires substan-
tially more computation than their deterministic counterparts, with this cost scaling
poorly for deep architectures with millions of parameters. The specification of appro-
priate priors over weights significantly impacts the quality of uncertainty estimates
but lacks principled guidelines beyond conjugate Gaussian priors, which may not ade-
quately capture the true weight distribution in complex neural networks. Furthermore,
posterior approximation methods introduce additional limitations: variational infer-
ence tends to underestimate predictive uncertainty due to its mode-seeking behavior,
while more accurate MCMC methods struggle with convergence in high-dimensional
parameter spaces typical of neural networks. Finally, even well-trained BNNs often
exhibit calibration issues in regression tasks, where predictive distributions may be
systematically too narrow or too wide relative to the true data distribution, requir-
ing additional post-processing calibration techniques to obtain reliable uncertainty

estimates for critical applications.
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2.2.1.2  Monte Carlo Dropout

Monte Carlo (MC) Dropout represents a practical approximation to Bayesian in-
ference in neural networks, reinterpreting the common regularisation technique of
dropout as a variational Bayesian approximation when applied during both training
and inference. This approach enables uncertainty quantification in regression tasks
without the full computational burden of traditional Bayesian methods, leveraging
the insight that a neural network with dropout applied at test time can be viewed as an
ensemble of thinned networks sharing parameters, thus providing a computationally
efficient way to approximate prediction uncertainty through the statistical properties

of multiple stochastic forward passes.

In standard dropout training, network units are randomly masked during training

with probability p to prevent co-adaptation and improve generalisation:
y=rf(x;Woz) (2.29)

where z is a binary mask with elements drawn from a Bernoulli distribution with
probability 1 — p of being 1, and ® represents element-wise multiplication. It was
shown that applying dropout at test time and performing multiple forward passes
can be interpreted as an approximation to variational inference in a Bayesian neural

network with a specific variational distribution gg (W) over the weights [[15]:

qo(Wi) =M;- diag([Zi,j]jil) (2.30)

where M; are variational parameters and z; ; ~ Bernoulli(1 — p). For regression
tasks, the predictive mean and variance for a new input X* can be approximated using

T stochastic forward passes:

E[y*[x*] ~

S I

T
Z X" W) (2.31)

M=

2
RN I R 1 .
Var|[y*|x*| ~ © 1+7t;f(x ;Wt)2_ (T f(x ;W,)> (2.32)

t=1
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where W; represents the network weights with dropout applied for the #-th forward
pass and 7 is the model precision (inverse of the observation noise variance). This
formulation decomposes the total predictive uncertainty into aleatoric uncertainty
(data noise, 77!) and epistemic uncertainty (model uncertainty, captured by the

variance of predictions across multiple forward passes).

In physics-informed neural networks, MC Dropout has found utility in searching
for more efficient collocation points within the domain for more efficient convergence
[117]. It has been used to provide UQ across spatio-temporal forecasting found
within PDE modelling [[118] and for getting error bounds for dynamics modelling
[119].

Limitations: Despite its practical appeal and widespread adoption for uncer-
tainty quantification in regression tasks, MC Dropout exhibits several important
limitations. The uncertainty estimates provided by MC Dropout tend to be uncal-
ibrated without additional post-processing, often underestimating true predictive
uncertainty compared to full Bayesian treatments, particularly for out-of-distribution
inputs where overconfidence can be problematic. The method’s theoretical con-
nection to Bayesian inference relies on restrictive assumptions about the form of
approximate posterior distributions, constraining the expressiveness of the captured
uncertainty. Additionally, the quality of uncertainty estimates depends critically
on dropout rate and network architecture choices, with no systematic way to de-
termine optimal values for these hyperparameters beyond heuristics or expensive
cross-validation. MC Dropout also faces computational efficiency concerns during
inference, as multiple forward passes (typically 50-100) are required to obtain stable
uncertainty estimates, significantly increasing prediction latency in time-sensitive
applications. Finally, recent research suggests that MC Dropout may fail to capture
important modes of the posterior distribution, particularly in complex regression
scenarios with multimodal solutions, as the implicit ensemble created by dropout
tends to produce similar network behaviours rather than truly diverse function ap-

proximations that reflect the full range of plausible models given the data [120].
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2.2.1.3 Deep Ensembles

Deep Ensembles represent an approximate Bayesian approach to uncertainty quan-
tification in neural networks, leveraging the diversity of multiple independently
trained networks to capture predictive uncertainty in regression tasks. This method
constructs an ensemble of neural networks with identical architectures but different
random initializations and trained on potentially different bootstrap samples of the
data, providing a practical and scalable alternative to Bayesian methods while demon-
strating competitive or superior uncertainty quantification performance, particularly
for out-of-distribution detection and in capturing epistemic uncertainty arising from
model misspecification or data scarcity [[16]].

In the Deep Ensembles framework for regression, each network in the ensemble
directly outputs both the predicted mean g (x) and variance 63 (x) of a Gaussian

distribution for each input x:

p([x,0) = N (y|ue(x),05(x)) (2.33)

where 6 represents the parameters of a neural network. The networks are trained by
minimizing the negative log-likelihood (NLL) loss:
1 o 2

L£(6)= Elog o5 (x) + 262(x)

Given an ensemble of M networks with parameters {0y, 65, ..., 0y}, the predictive

distribution for a new input x* is approximated as a mixture of Gaussians:

§

p(y*|x") Z (v*|1g, (x*), 05, (x*)) (2.35)

The predictive mean and variance of this mixture distribution are given by:
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The first term represents aleatoric uncertainty (average of predicted variances),
while the second term captures epistemic uncertainty (variance of predicted means),
thus providing a decomposition of the total predictive uncertainty into these two

fundamental components.

Deep ensembles have found utility in providing UQ for surrogates from a
range of scnarios, ranging from computational fluid dynamics [121]], electromag-
netics [122], weather modelling [123]] and nuclear fusion [[124]]. The method has
also proven valuable in multi-fidelity modelling scenarios, where it helps quantify
uncertainty when transferring knowledge between simulation scales or between
simulations and experimental data, and in active learning frameworks for neural
PDEs where uncertainty estimates guide the adaptive sampling of new simulation
points to efficiently explore parameter spaces in computational physics problems

[125,1122].

Limitations: The computational cost of training and storing multiple inde-
pendent neural networks represents a significant drawback, scaling linearly with
ensemble size and becoming prohibitive for large models or resource-constrained
environments, though techniques like snapshot ensembles or batch ensemble training
partially mitigate this issue [[126,127]. Deep Ensembles lack the principled Bayesian
foundation for uncertainty quantification, potentially missing certain types of un-
certainties that would be captured by a proper posterior approximation, particularly
when prior knowledge should constrain the solution space. The method’s effective-
ness depends critically on achieving sufficient diversity among ensemble members,
which can be challenging when training converges to similar local minima despite
different initialisations, limiting the ensemble’s ability to explore multiple modes
of the solution space in complex regression problems. Furthermore, determining
the optimal ensemble size involves a trade-off between computational resources and
uncertainty estimation quality, with no theoretical guidance beyond empirical valida-
tion. Finally, while Deep Ensembles often demonstrate good empirical performance
for out-of-distribution detection, they can still produce overconfident predictions in

certain far-from-training regions where all ensemble members make similar errors,
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as each network is trained to minimize the same objective function and may share
similar inductive biases that do not reflect the true predictive uncertainty in these

regions [128]]
2.2.2 Frequentist Methods

2.2.2.1 Evidential Networks

Evidential Neural Networks (ENNs) represent a class of models that directly estimate
prediction uncertainty without requiring sampling or ensemble techniques. They
formulate learning as an evidence acquisition process, where training examples add
support to an evidential distribution over model parameters or predictions, resulting in
a single-forward-pass approach to uncertainty quantification that is computationally
efficient during inference.

The core principle of evidential regression is to place evidential priors over the
likelihood function parameters. For a regression task with target y, traditional neural
networks predict a Gaussian likelihood with parameters 8 = {u,52}. In contrast,
ENNs model a Normal-Inverse-Gamma (NIG) distribution as an evidential prior over

these parameters:

__B*vv 1\ 2B +v(y—p)*
p(u,Gzl%v,a,B)—W<E) exp{— 52 }(2.38)

Here, a neural network outputs the evidential parameters {7y, v, o, 3}. From
these parameters, we can directly compute: - Prediction: E[u] = y - Aleatoric
uncertainty: E[c?] = % - Epistemic uncertainty: Var[u] = %

The loss function typically includes both a negative log-likelihood term and
a regularisation term A |y — y;|® where ® = 2v + « represents the total evidence,
penalising overconfidence in incorrect predictions.

Evidential regression has been successfully applied in scientific machine learn-
ing contexts, including molecular property prediction for drug discovery [129],
fault diagnosis in mechanical systems citep zhou2023trustworthy, and surrogate

modelling of PDEs [[130]]. In PDE solving, ENNs provide valuable uncertainty quan-
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tification that helps identify solution regions where predictions may be unreliable due
to complex dynamics, boundary conditions, or insufficient training data, allowing
researchers to make informed decisions about model trustworthiness without the

computational overhead of sampling-based approaches.

Limitations: Despite their advantages, evidential neural networks face limita-
tions including sensitivity to the regularisation coefficient A, potential underestima-
tion of uncertainty in high-dimensional spaces, and degraded calibration in transfer
learning scenarios. Additionally, the theoretical foundations are less established than
fully Bayesian approaches. ENNs may still produce overconfident predictions in
some adversarial settings or under significant distribution shifts, requiring careful

validation against traditional UQ methods for safety-critical applications.

2.2.2.2 Conformal Prediction

Conformal Prediction (CP) is a distribution-free uncertainty quantification frame-
work that constructs prediction intervals with rigorous coverage guarantees. Unlike
Bayesian or ensemble methods that often rely on distributional assumptions, CP
provides valid statistical guarantees for finite samples without requiring model or
distribution assumptions.

Given i.i.d. samples (X;,Y;) ~ P, i=1,...,n, where X; € X’ are inputs and
Y; € R are real-valued outputs, the goal is to construct a prediction interval C,, (x) for

a new input x such that:

P(Yn-H € én(Xn—i-l)’(Xi?Yi)?:l) >l-o (2.39)

where (X,+1,Y,+1) is a new data point and « € (0, 1) is a user-specified error rate.
In regression settings, the split conformal algorithm operates as follows: (1) divide
data into training and calibration sets; (2) train a regression model f on the training
; (4)

compute scores on calibration data: s; = s(X;,Y;); (5) calculate the (1 — o¢)-quantile

set; (3) define a nonconformity score function, typically s(x,y) = [y — f(x)

g = Quantile(sy, ..., 5,3 [(n+1)(

1 — )] /n); and (6) for a new input x, construct the
prediction interval C(x) = [f(x) — 4, f(x) +4].
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In scientific machine learning and PDE solving, CP has demonstrated consider-
able utility for regression tasks requiring reliable uncertainty estimates. CP has found
utility in providing UQ for dynamical systems [131], PINNs [132], DeepONets [133]

as well as functional calibration for operater learning [134]].

Limitations CP provides only marginal coverage guarantees rather than con-
ditional coverage, meaning the prediction intervals may be unnecessarily wide in
some regions of the input space and too narrow in others. The method requires a
separate calibration dataset which reduces available training data, and the quality
of the prediction intervals heavily depends on the underlying regression model’s
accuracy—poor models lead to uniformly wide intervals with limited practical utility.
For time series or sequential regression problems with distribution drift, standard
CP may fail to maintain coverage unless properly modified to account for temporal
dependencies using techniques like weighted conformal prediction, which introduces

additional complexity and hyperparameters that require careful tuning.

2.2.2.3 Bootstrapping Ensembles

Bootstrapping ensembles represent a practical non-parametric approach to uncer-
tainty quantification (UQ) in neural network regression by training multiple models
on resampled datasets, leveraging the statistical principle of bootstrapping to estimate
predictive uncertainty without requiring modifications to the underlying network ar-
chitecture or regression loss function, making it particularly attractive for regression

tasks where quantifying prediction confidence intervals is essential.

Given a regression dataset D = {(x;,y;)})_; where x; € R are input features
and y; € R are continuous target values, the bootstrap ensemble approach operates

as follows:
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1. Create M bootstrap datasets {D,,}*__,, where each D,, is generated
by sampling N points from D with replacement

2. Train M identical regression models { fp, () MW each on a different
bootstrap dataset Dy,

3. For a test point x,., compute:

Mean: p(x) :—ng Xy )

Variance: 6 Z (fo, (X+) (X*))z
m:1

where p1(x,) represents the ensemble’s predicted value at x,., and o2 (x4) quantifies
the epistemic uncertainty (model uncertainty) in the regression prediction, enabling
the construction of confidence intervals as f(X.) £ 24 /2 - 0(Xx), with z4 5 being the

critical value for the desired confidence level.

In scientific regression contexts, bootstrapping ensembles have demonstrated
significant utility across multiple domains including: modelling epidemic breakouts
[135], predicting outputs of photovoltaic cells [136], and providing uncertainty for

financial derivatives modelling [[137]].

Limitations: The computational cost scales linearly with ensemble size,
requiring training and storing multiple regression models; they primarily capture
epistemic uncertainty from data sampling variations but may inadequately represent
aleatoric uncertainty inherent in noisy regression data; small or imbalanced datasets
may lead to unreliable uncertainty estimates due to insufficient sampling diversity;
individual ensemble members may converge to different local minima in complex
regression landscapes, potentially overestimating predictive uncertainty; ensemble
variance often requires post-hoc calibration to provide statistically valid confidence
intervals for regression predictions, particularly in extrapolation regions; and the
method assumes independent and identically distributed data points, which may not

hold for spatiotemporal regression problems with complex correlation structures.
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2.2.3 Verified Methods

2.2.3.1 Interval Arithmetic

Interval arithmetic (IA) provides rigorous uncertainty bounds for neural networks by
replacing standard floating-point operations with interval operations that track lower
and upper bounds. For regression tasks, IA propagates intervals through each layer,
ensuring that true function values always remain contained within the computed
intervals, thereby offering guaranteed error bounds on predictions without requiring

statistical assumptions [108]].

The core principle involves representing values as intervals [a, b] where a < b,

and defining operations that maintain correctness:

[a,b]+ [c,d] = [a+c,b+d] (2.40)
la,b] — [c,d] = [a—d,b—c] (2.41)
[a,b] X [¢,d] = [min(ac,ad, be,bd), max (ac, ad, be, bd)] (2.42)
[a,b] / [c,d] = [a,b] x [1/d,1/c] when O ¢ [c,d)] (2.43)

For neural networks with ReLLU activations, Interval Bound Propagation (IBP)

extends these principles to matrix operations:

Zioner = WY alpe) + Walp ) + b0 (2.45)
2iper = W allpe! + Wall ) 4 p® (2.46)

al) = ReLU(z\") (2.47)
B{pner = RELU(Z}g) ) (2.48)
affgper = RCLU(Zl(llp)per) (2.49)

where ng) and W denote the positive and negative components of the weight
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matrix respectively.

In regression contexts, IA has been applied to provide verified bounds on
neural network approximations of complex functions, partial differential equations,
and dynamical systems [138, [139]. They have found utility in propagating input
uncertainty across safety-critical systems [140]] and short-term windspeed prediction
[141].

Limitations: The primary limitation of interval arithmetic for neural networks
is the dependency problem, where multiple occurrences of the same variable are
treated as independent, leading to overestimation of bounds that grows exponentially
with network depth and width. For regression tasks, this manifests as excessively con-
servative uncertainty intervals that may be too wide for practical use. Fundamental
theoretical limits, established in [142], demonstrate that certain simple specifications
cannot be proven using interval analysis alone, regardless of network architecture.
These limitations have motivated advanced methods that maintain correlations be-
tween variables, such as affine arithmetic and zonotopes, though these come with

increased computational complexity.

2.2.3.2 Taylor Models

Taylor models provide a rigorous approach to quantifying uncertainty in neural
networks by representing functions as a multivariate polynomial plus a bounded
remainder interval. This approach combines interval arithmetic with symbolic
computation to track functional dependencies accurately, making it particularly
powerful for regression tasks where guaranteed bounds on neural network outputs
are required [[109].

A d-dimensional Taylor model of order k is defined as a tuple T = (p,A,D)
where p = (p1,...,pq)" is a vector of multivariate polynomials p; : D — R of degree
at most k, A = Ay X --- X Ay is a hyperrectangle containing the origin that bounds
the remainder, and D C R? is the domain. For a neural network function f, a Taylor
model ensures that f(x) € p,(x) + A for all x € D, providing guaranteed bounds on
the network’s predictions that account for approximation errors.

In regression contexts, Taylor models enable rigorous uncertainty quantification
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in neural networks by providing guaranteed error bounds rather than probabilistic
estimates. They have been successfully applied to validate neural surrogate models
for physical systems, verify neural network controllers in safety-critical applications,
and certify the behaviour of physics-informed neural networks solving partial differ-
ential equations. Recent advances in [[143] allow for automatically computing sharp
bounds on the Taylor remainder series, making this approach increasingly practical

for complex neural architectures.

Limitations The primary challenges of Taylor models for neural network un-
certainty quantification include: computational complexity that scales exponentially
with input dimension, limiting applicability to high-dimensional problems; the wrap-
ping effect where dependencies between variables are lost during operations, leading
to overestimation when propagating through deep networks; difficulty in handling
non-polynomial activation functions which require additional approximation steps;
and significant computational overhead compared to non-verified approaches such as
Bayesian neural networks or dropout. Recent work integrating Taylor models with
zonotopes [144] has addressed some of these limitations by preserving dependencies

across control cycles in neural network verification tasks.

2.2.3.3 Zonotopes

Zonotope-based methods provide formal guarantees for neural network uncertainty
quantification through geometric set representations that can efficiently capture
non-convex output distributions. These methods compute tight enclosures of the
regression function outputs by abstracting input-output relations using polynomial
approximations, making them particularly suitable for safety-critical applications

where guaranteed bounds on predictions are essential [145]].

A zonotope Z C R” is defined as:

Z:{C+i§i8i|§i€[—1al]} (2.50)
i=1

where ¢ € R” is the centre vector and g; € R" are the generator vectors that

define the geometry of the set. For neural network regression, polynomial zonotopes
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extend this representation to capture more complex non-linear behaviours:

PZ={c+ f‘, [T G+ Y. BiGrey | awBic 11 @51)
i=1 \k=1 j=1

Here, G € R"*" represents dependent generators, G; € R"*4 represents inde-
pendent generators, and E € Ng “Mis an exponent matrix. This formulation allows
polynomial zonotopes to be closed under polynomial maps, enabling precise propa-
gation through neural networks with various activation functions [146]].

Polynomial zonotopes have demonstrated significant advantages in regression
tasks for scientific computing, particularly for providing guaranteed confidence bands
around predictions in critical domains [[147]. They excel in quantifying uncertainty
for surrogate models like Fourier Neural Operators, solving differential equations
such as Burger’s equation, where both aleatoric and epistemic uncertainties need
guaranteed bounds [148]. They have also found utility in verifying Lagrangian neu-
ral networks [[149]]. The method allows efficient propagation of input uncertainties
through complex neural network architectures while preserving dependencies be-
tween inputs and outputs, which is crucial for multi-dimensional regression problems

where correlation structures should be maintained.

2.2.4 Limitations

The primary limitations of zonotope-based uncertainty quantification methods in-
volve computational scalability with increasing network depth. The representation
size of polynomial zonotopes grows substantially when propagated through deep
networks, necessitating periodic order reduction that can introduce additional over-
approximation. Computing tight bounds on regression outputs becomes computation-
ally expensive for high-dimensional problems, requiring approximation techniques
that balance precision and efficiency. Recent progress has shown that this can be
circumvented by using dimensionality reduction techniques such as singular value de-
composition [148]]. While the approach excels at capturing non-convex behaviours in

regression outputs, it still requires considerable expertise to tune parameters control-



2.2. Uncertainty Quantification 47

ling the trade-off between computational efficiency and tightness of the uncertainty
bounds, particularly when applying the method to complex scientific regression tasks

with highly non-linear behaviours.
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